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Nonlinear Analysis of Pressurized
Spinning Fiber-Reinforced Tori
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and
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The symbolic manipulator Mathematica is used to implement a procedure combining the theory of elasticity,
differential geometry, calculus of variations, and variational techniques to derive and solve a set of equations
that approximates the nonlinear steady-state response of pressurized spinning toroidal shells. The nonlinearity
is geometric and the torus is fiber reinforced along its major direction. The resulting set of nonlinear equations
is solved for various values of the applied pressure, fiber content, and spinning speeds. Qualitative results are
obtained and linear results are compared and contrasted to nonlinear results.

Introduction

T OROIDAL shells are important structural elements because of
their closed shape that gives them enhanced rigidity. However,

studies of toroidal shells are limited. Studies of the free vibrations
of isotropic toroidal shells1'2 show that these shells can perform
two independent classes of axisymmetric free vibrations: motions
that involve displacements along the major direction only, i.e., along
0i in Fig. 1; and motions that involve displacements along the minor
and transverse directions only, i.e., along 92 and z in Fig. 1. Numeri-
cal solutions for prestressed toroidal membranes were presented by
Liepins3 for isotropic toroidal shells. The study used a linearized
membrane theory and reported four families of modes. It concluded
that only low-frequency modes that are predominantly flexural are
strongly dependent on the prestress. Experimental studies of the
vibrations of pressurized isotropic torus shells were reported by
Jordan4 and reproduced numerically by Liepins.5 The numerical re-
sults simulated the free vibrations of prestressed isotropic toroidal
membranes made of a number of toroidal segments each with a
constant thickness. Li and Steigmann6 studied finite deformations
of toroidal membranes and showed that multiple equilibria are pos-
sible for rubberlike toroidal membranes.

The present research uses theory of elasticity and differential
geometry to derive a set of nonlinear kinematic relationships and
equations of motion for orthotropic toroidal shells. The nonlinearity
is geometric and of the von Karman type, i.e., only the transverse
displacement contributes to the nonlinear strain-displacements re-
lationships. The form of the assumed displacements satisfies the
Love-Kirchhoff's assumptions, i.e., normal to the middle surface
remains normal and its length does not change. The Lagrangian of
the torus is assembled and two spatial dependencies are assumed
allowing the explicit integration over their respective domains. All
integrations were performed using a symbolic five-point Gaussian
integration algorithm. Next, the equations of motion are derived
by minimizing the Lagrangian, and the Galerkin procedure is used
to reduce them to a set of nonlinear differential equations in the
temporal domain. Assuming steady-state conditions and sufficient
damping, the nonlinear differential equations of motion reduce to
nonlinear algebraic equations for the amplitudes of the respective
displacements. Numerical results show that tensile stresses are more
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sensitive to spinning speeds than compressive stresses. The model
also predicts that the differences between linear and nonlinear in-
plane stresses are larger in the case of internal pressure than in the
case of external pressure. The model predicts that the torus would
bulge under the combined action of applied pressure and centrifu-
gal forces due to spinning. The algebraic manipulations and nu-
merical solutions were performed using the symbolic manipulator
Mathematica.7

Mathematical Formulation
Kinematics and Strain Energy

Figure 1 shows the geometry of a toroidal shell and the toroidal
coordinate system {#i,02,z}. The displacement fields along the

Fig. 1 Toroidal geometry and reinforcing scheme.
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{#1, 02, z} coordinate system are w(0i, 02, z, 0» v(Q\, 02, z, t), and
ti>(0i, 02, z, 0, respectively, and the metric of the space is8

£22 = fo + z)2

£33 = 1 = 0
(1)

The metric of the space is diagonal because the chosen coordinate
system is orthogonal. The strain-displacement relationships for a
general orthogonal curvilinear coordinate system are given by9

where

(2)

(3)

where the superscript L denotes linear; the superscript TV denotes
nonlinear; vk is the displacement vector; v!n = vl

n + rl
rn vr, rl

rn is the
Christoffel symbol; and the {1, 2, 3} indices refer to the {0i, 02, z}
coordinates, respectively. The expanded form of strain-displacement
relationships is given explicitly by Raouf and Palazotto.8

The present paper considers a toroidal shell reinforced along its
major direction, Fig. 1. The material is specially orthotropic and
obeys a special form of Hooks law10

Gn 612
Gl2 fi22

o o
^22 (4)

where Q/7- are elements of the stiffness matrix. Note that the consti-
tutive law, Eq. (4), ignores out-of-plane stress. This is a consequence
of the Love-Kirchhoff's assumptions. 1) Normal to the middle sur-
face before deformation remains normal after deformation. This im-
plies no transverse shear strain, i.e., 613 = €23 = 0. For orthotropic
material, this also means zero transverse shear stresses. Accord-
ingly, transverse shears are ignored in Eq. (4). 2) Normal to middle
surface before deformation does not change its length after deforma-
tion. This implies that 633 = 0. Accordingly, the non-zero 033 does
not contribute to the strain energy of the system (its contribution is
^33 £33 = 0) and is ignored in Eq. (4).

The following displacement field satisfies the Love-Kirchhoff's
assumptions in toroidal coordinates:

r\ + r2 cos 02

, 0 cos 02 -

Vb(0i,02,0

, 02, 0]

+ (z/r2)[V0(0i, #2, 0 + Wo^Oi, 02, 0]

(5)

where the comma indicates differentiation with respect to the vari-
able following it and C/0, V(), and W0 are the displacements of the
middle surface in the {0i, 02, z} directions, respectively. Following
the Rayleigh-Ritz technique, the displacements of the middle sur-
face are expanded ift a set of admissible functions. In this study,
these functions only have to satisfy the conditions of periodicity,

(6)

UQ(Oi, 02, 0 = Sn^n(0

Vo(01, 02, 0 = SnXn(02, 0 COS 110!

Wb(0i, 02, 0 = 2, 0 COS 710!

We consider the case n = 0; this corresponds to the second class
of motion identified in Refs. 1 and 2. This is consistent with the
uniform loading considered in this paper and yields the following
displacement field:

t/o(0i, 02, 0 = 0 y«(0i, 02, o = xo(02, 0
(7)

and the corresponding strain-displacement relationships are

L cos(02) & - sin(02) [XQ + feXoM) - (z$o,e2 / r2)]
+ r2 cos(02) + z cos(02)

2, Q - sin(02)[xo + (zxo/r2) -
+ r2 cos(02) + z cos(02)]2

(8)

+ I fo + Xo.02 + ZX0.02 2(r2 + z)2

and

— f — n— 612 — U (9)

Note
pansion
torus n

that e^ is not zero; however, it is a higher-order strain ex-
and will be ignored in this study. The strain energy of the
is

(10)

Kinetic Energy and Equations of Motion
The deformed position vector of a point in the body of the torus

is given by

r = cos 0i [n + (r2 + z) cos 02] i + {sin 0! [rl + (r2 + z) cos 02]}j

sin 02A: + (11)

where i , j , and A; are unit vectors along the X, 7, and Z directions
and 00j, c^, and ^z are unit vectors in the 0 t, 02, and z directions
(Fig. 1). These unit vectors are given by

1 3r

e.z =

—— — — sin 02 cos 0i i — sin 02 sin 0\ j + cos 02k (12)
O02

— = — cos 02 cos 0ii — cos 02 sin 0i j -f- sin 02k

The velocity vector of a point in the body of the torus is given by
the transport theorem11

dr
v = —

dt (13)

where ft is the spin vector, which represents rigid body rotations of
the torus. In the present study, the torus is spinning around the Z
axis with an angular speed Nz. Accordingly,

and the kinetic energy of the torus is thus

= / rPlvl '

(14)

(15)

where p is the mass density and |v| is the magnitude of the velocity
of a point in the body of the torus.

Assuming small elastic rotations, the work done by the applied
pressure is conservative and independent of 0i. It is given by the
applied pressure P times the displaced volume and can be expressed
as1'

vte2 w + w

(16)
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The pressure is assumed to act on the middle surface, and dis-
placements are evaluated at z = 0 (middle surface). The Lagrangian
is given by

L = K-U-W (17)

Applying Hamilton's principle, the equations of equilibrium are
derived using the Euler-Lagrange equations

3L 3 3L 3L 82 3L

where q( = {fo(#2, t), Xo(#2, 0)- Equations (18) are nonlinear par-
tial differential equations. A solution to these equations can be ap-
proximated using the Galerkin procedure and the following assumed
mode shapes:

(19)
2, 0 = xi(0 + X.v(0 sin <92 +

2, 0 = ?i(0 + £,(0 sin 02 + £c(0 cos 02

The assumed 62 dependencies have to satisfy only the periodicity
conditions. Equations (19) represent the leading terms in the ex-
pansion of xo and f(). Higher modes and their coupling effects are
ignored. Following the Galerkin procedure,13 Eqs. (18) reduce to a
set of six nonlinear temporal differential equations in £i(0> £v(0»
£c(0» Xi(0» X.s(0> and Xc(0 of the form

where [x}T = (xi(0» X.v(0» Xc(0»£i(0»£v(0»£c(0} and {#(*)} is a
cubic nonlinear function in xi (0» X.v (0> and Xc-(0- F°r tne example
presented in the Numerical Results section, Eq. (20) yields

[M] = mass matrix

(21)
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(22)

Here, A;// — &//(/*, Wz
2) is the linear stiffness matrix and qi is a non-

linear vector. Both are listed explicitly in the Appendix. Assuming
steady-state conditions and viscous damping, the temporal depen-
dency is dropped, i.e., d( )/df = 0, and the equations of motion
are reduced to nonlinear algebraic equations. The following section
is devoted to studying the solutions of these equations. The non-
linear algebraic equations are solved numerically using the built in
Newton-Raphson algorithm in Mathematical

Numerical Results
This section presents numerical studies of a spinning compos-

ite torus made of rubber and reinforced with nylon fibers along
its major direction as shown in Fig. 1. The elastic properties of the
constituents are given in Table 1. The effective properties of the lam-
inated construction are obtained using the Halpin-Tsai technique.10

A fiber volume fraction of 0.6 is used, except in Fig. 4. The torus

Table 1 Properties of constituent materials

Elastic constant Nylon fiber Rubber matrix

E
G
V12

281 ksi
70.55 ksi
0.9915

800 psi
268 psi

0.49

Fig. 2 Section in an undeformed torus, at 6\ = constant, under internal
pressure.

Fig. 3 Section in an undeformed torus, at 0\ = constant, under exter-
nal pressure.

has a major radius ri = 20 in., a minor radius r2 = 16 in., and a
thickness h = 0.05 in. Two loading cases are considered. The first
is internal pressure. This pressure is uniformly distributed on the
inner surface of the torus and acts along the positive z axis (Fig. 2).
This loading induces mainly tensile stresses within the body of the
torus. An example of this loading is the inflation pressure in a tire.

The second is external pressure. This pressure is uniformly dis-
tributed on the outer surface of the torus and acts along the negative
z axis, Fig. 3. This loading induces mainly compressive stresses
within the body of the torus. An example of this loading is fluid
loading on a submerged torus.

The present analysis can be reduced to the case considered by
Timoshenko and Woinowsky-Krieger14 for stationary isotropic tori
under a uniform dead load. It predicts stresses to within 25%. This
can be attributed to the fact that the present formulation contains
bending action whereas Timoshenko and Woinowsky-Krieger14

ignore bending.
Figure 4 shows the steady-state amplitudes as a function of the

fiber volume fraction for an externally loaded torus. Note that the
uniform loading does not excite all of the assumed modes in Eq. (19).
In particular, the loading excites the even (cosinosoidal) harmonics
of the transverse displacement w and the odd (sinusoidal) harmon-
ics of the in-plane displacement v. Figure 4 shows that the dis-
crepancies between the linear and nonlinear solution decrease as
the fiber volume fraction increases and the torus becomes stiffen
Moreover, the nonlinearities are more pronounced in the transverse
deflection components £1 and £c. This is a result of the von Karman
assumptions.

The remainder of this section is devoted to studying the in-plane
stress fields in the torus. In all of the studied cases, and for any given
$2, the in-plane stresses are almost constant across the thickness.
Accordingly, no through the thickness variations are reported except
to explain specific phenomena.
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Fig. 4 Steady-state amplitudes of the response of an externally loaded
torus as a function of fiber volume fraction: £1 and £c are components
of the transverse deflection, and Xs is a component of the in-plane de-
flection along the #2 direction; all other deflection components are zero.

Figures 5 and 6 show the distribution of the in-plane stresses as
a function of #2 for a torus under an internal pressure of 5 psi and
spinning at 100 and 500 rad/s, respectively. The torus experiences
tensile stresses at its outer rim, i.e., around 02 = 0, 2n, and com-
pressive stresses at its inner rim, i.e., around 02 = n. This is due to
centrifugal forces that reinforce the internal pressure at the outer rim
and opposes it at the inner rim. Linear analysis predicts a significant
increase in tensile stresses as the spinning speed increases, from a
maximum of about 80 ksi at 100 rad/s to about 130 ksi at 500 rad/s.
However, nonlinear analysis predicts a much smaller increase, from
a maximum of about 50 ksi at 100 rad/s to about 60 ksi at 500 rad/s.

On the other hand, increasing the spinning speed does not have
a significant effect on the compressive stresses at the inner rim.
Figures 5 and 6 also show significant discrepancies between the
linear and nonlinear stress fields for both cases with the linear stress
being usually higher in magnitude. Moreover, the nonlinear stress
field is more uniform and assumes less fluctuation than the linear
stress field.

Figure 7 shows the deformation of a section in an internally
loaded torus at any 9\ due to 5-psi pressure and 500-rad/s spin-
ning speed. The linear solution predicts larger deformations than
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Fig. 5 Distribution of the in-plane stresses as a function of #2 for an
internal pressure of 5 psi and a spinning speed of 100 rad/s.
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Fig. 6 Distribution of the in-plane stresses as a function of 02 for an
internal pressure of 5 psi and a spinning speed of 500 rad/s.

the nonlinear solution. This is consistent with the predicted stress
fields in Fig. 6. Moreover, Fig. 7 shows a slight bulging at the inner
rim. To fully explain the bulging at the inner rim, Fig. 8 shows de-
tails of the in-plane stress fields around the inner rim, i.e., 62 = n.
Figure 8 depicts in-plane stresses at the inner and outer surfaces
of the torus. It shows that the torus is in compression at that re-
gion and that the stresses are almost constant with the stresses on
the outer surface being slightly greater than the stresses on the
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Fig. 7 Section in torus showing deformed and undeformed shapes due
to 5-psi internal pressure and 500-rad/s spinning speed. Notice the slight
bulging at the left side of the deformed linear shape.
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Fig. 8 In-plane stress distribution as a function of 02 around the inner
rim for a torus under an internal pressure of 5 psi at 500 rad/s.

inner surface giving rise to the stress distribution shown in Fig. 9.
This stress distribution can be decomposed into a constant com-
pressive stress (equal to average of stresses at the inner and outer
surfaces of the torus) and linear stress distribution, which produces
the shown resultant bending moment and hence the bulged shape.
Strength of materials arguments show that the bending moment is
proportional to the difference between the surface stress and the
average stress. Figure 10 shows the difference between the surface
and average stress as a function of 02. A higher value indicates a
higher bending moment and accordingly larger bulging. Figure 10

undeformed

outer riminner rim

outer surface

Fig. 9 Section in the torus at a constant 6\; only quantities around the
inner rim are shown.

Fig. 10 Difference between the average and surface compressive stress
for a torus under a 5-psi internal pressure spinning at 500-rad/s.
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Fig. 11 Distribution of the in-plane stresses as a function of 62 in a
stationary torus under an external pressure of 10 psi.
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Fig. 12 Distribution of the in-plane stresses as a function of #2 for an
external pressure of 10 psi and a spinning speed of 500 rad/s.

Fig. 13 Section in torus showing deformed and undeformed shapes
due to 10-psi external pressure and 1-rad/s spinning speed. Notice the
slight bulging at the right side of the deformed nonlinear shape.

shows that the linear solution produces a higher bending moment
than the nonlinear solution. This explains why the linear solution in
Fig. 1 shows more bulging.

Next, the torus is studied under compressive, external load.
Figures 11-15 study the in-plane stress distributions for a torus with
volume fraction Vf — 0.6 and under an external load of 10 psi. Note
that the externally loaded torus required a higher pressure but slower
spinning speed to exhibit similar characteristics as the internally
loaded torus. Figures 11 and 12 show the in-plane stress distribu-
tion for a stationary torus and torus spinning at 500 rad/s under an
external load of 10 psi. Figures 11 and 12 both show that the torus is

Nonlinear

2.5 3 3.5
82 (rad)

Linear

Fig. 14 In-plane stress distribution as a function of #2 around the inner
rim for a torus under an external pressure of 10 psi at 1 rad/s.
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Fig. 15 Difference between the average and surface compressive stress
for a torus under a 10-psi external pressure spinning at 1 rad/s.

mainly in compression and, unlike the internal pressure cases shown
in Figs. 5 and 6, there is no significant difference between the lin-
ear and nonlinear solutions. However, similar to the case of internal
pressure, the effects of spinning on compressive stresses are small.
Another similarity between the internal and external pressure cases
is the fact that the stress field at the outer and inner rims have opposite
sign stresses. This is not true for a^. in a stationary torus under exter-
nal pressure. This is supported by an examination of the deformed
shape in Fig. 13, which shows that bulging occurs at the outer rim of
the torus. Moreover, more bulging is predicted by the nonlinear so-
lution than by the linear solution. A closer examination of the stress
fields around the inner rim is shown in Fig. 14. It shows that the stress
at the inner rim is compressive; however, the stress at the outer sur-
face is higher, as before, than the stress at the inner surface. A study
of the resulting bending moment confirms that bulging occurs at the
outer rim of the torus. Last, Fig. 15 shows the difference between the
average stress and the surface stress. As explained in the case of inter-
nal pressure, this is a measure of the magnitude of the resultant bend-
ing moment. Figure 15 shows that the nonlinear analysis produces
a wider variation of stress, resulting in a higher bending moment.
Accordingly, bulging is more pronounced in the nonlinear solution.
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Conclusions
The nonlinear equations of motion that describe the response

of a spinning orthotropic toroidal shell are derived, and a qualita-
tive analysis of the response of the torus is conducted. The math-
ematical model is based on the theory of elasticity and calculus of
variations. Numerical experimentations are conducted to study the
in-plane stress fields in the torus under internal and external pres-
sures. Results show that the linear and nonlinear stress fields differ
considerably for the case of internal pressure but are very close in
the case of external pressure. Moreover, tensile stresses are more
sensitive to spinning speed than compressive stresses. The model
also predicts bulging in the torus as a result of the combined action
of centrifugal and applied loads. Internal pressure cases show that
the nonlinearity offers more resistance to bending deformations and
bulging occurs in the linear solution. On the other hand, external
pressure cases show that the nonlinearity offers less resistance to
bending deformations and shows the bulging behavior.

Appendix: Explicit Terms in Eq. (20)
The elements of the stiffness matrix in Eq. (20) are

&21 = &41 = *61 = kn = &32 = &52 = ^23 = &43 = &63 = 0

ku = £34 = £54 = k25 = &45 = &65 = &16 = &36 = &56 = 0

kn = -348.9677V2 + 631.64065P + 1.39439 Qn

k3l = -60.71897V2 + 256.85526P +0.19802gn + 1.00341 Q12

ksl = 60.719157V;2 - 124.226P - 0.19801 2n - 0.97051 g12

k22 = -323.8037V2 + 348.96672P + 1.34190Qn

+ 0.15001 2i2 + 3.02631Q22

k42 = 60.719047V2 + 132.62922P - 0.198019fin

+ 0.03290212 + 2.00667222

&62 = 25.163237V2 + 263.47232P - 0.052492n

-0.300082i2 + 2.20838222

kl3 = -60.718907V2 + 256.85526P +0.198022n

+ 1.00341212+ 0.06565 222

fc33 = -25.163357V2 + 282.67393P + 0.052492n

-0.1502i2 + 1.90836222

&53 = 25.163837V2 - 368.168P - 0.052492n

-0.300022i2-2.7263222

k24 = 60.718807V2 + 124.22544P - 0.198022n + 1.94101222

&44 = -282.6737V2 + 631.63911P +4.899922n

- 0.000122i2 + 4.93468222

&64 = -196.1357V2+ 256.85443P -4.118072n

+ 2.006822i2 + 2.00667222

kls = 60.718907V2 - 132.63P - 0.198022n

- 1.003412i2- 0.06565222

&35 = 25.163357V2 - 263.472P - 0.052492n

+ 0.150072i2 - 1.90836222

kss = -25.16387V2 + 348.96691P + 0.052496n

+ 0.30002 2 12 + 2.72629 222

&26 = 25.162757V2 + 368.16823P - 0.052492n

+ 0.15001 2i2 + 3.02631 222

kto = -196. 1357V2 + 256.85446P -4.118072n

+ 2.006822i2 + 2.00667222

k66 = -257.517V2 + 282.67374P + 4.847432n

The elements of the nonlinear vector {q} in Eq. (20) are

qi = -0.028126i2?c?, +0.01875622?c?, -0.181976i2?,?i

+ 0.12131 622?,?! - 0.02813Gi2^Xc +

- 0.058602i2?iXc + 0.12131622^ iXc +

- 0.01875622&X. - O.OOlQOeiiXcX, - 0.128306i2XcX»

+ 0.12542222^X1-3.80022 x 10-62i2^iXi

+ 0.30842222?iXi - 0.001832nX.Xi +0.016782i2X.Xi

-0.12952222X.Xi +0.03279222XcX.v +0.06271 2i2^Xi

q2 = -0.004662i2?c
2 +0.00310222?6

2 - 0.086332i2^2

+ 0.05755222?2 - 0.028122i2^i + 0.01875622^1

- 0.090982i2^2 + 0.06065222?? - 0.112002i2£vXc

+ 0.11510222^Xc-0.000432iiX2-0.025332i2X2

+ 0.09030222X2 + 0.00931 6i2&X, - 0.00621 622^^

+ 0.02813212fiX1v -0.01875222^iX.v -0.000482nX2

- 0.029592i2X2 + 0.03101 622 X,2 + 0.009386i2&Xi

+ 0.17039222^X1 - 0.001002iiXc-Xi + 0.004426i2XcXi

+ 0.35954222Xc-Xi-0.000912iiXi2-0.024602i2Xi2

+ 0.06066222Xi2

q3 = -0.00931 612^ +0.00621622^.v - 0.028136i2^?i

- 0.028136i2fiXr + 0.01875622? iXc + 0.00931 6i2?,X.

- 0.00621 622^X5 - 0.000862 n XcX, + 0.075976i2XcX*

- 0.06612622XcX.v ~ 0.009382i2?c-Xi + 0.13802222^Xi

+ 0.06271 6i2?iXi +0.12542622fiXi -0.001006nX,Xi

-0.148706i2X.Xi -0.25730222 X.Xi +0.00621 Q22^Xc

+ 0.01875622?,? i + 0.053406i2?cXc

q4 = 0.0

+ 1.90011 x 10-62i2?i2 + 0.15420222?? -0.000992n?.vXc

+ 0.095226 12?, Xc + 0.20617622?,Xr - 1.670046nXc
2

+ 0.18971 2i2X2 + 0.241 11222X2-0.000992n?cX.v

- 0.057896i2?cX. - 0.41065622?cX. - 0.001 822 n?iX.v
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+ 0.03996gi2XA
2 + 0.37572222X.2 - 0.00182Gn&Xi

- 0.18729g12&Xi + 0.12952fi22&Xi + 3.39919finXcXi

- 0.19587fii2XcXi +0.38035fi22XcXi - 1.66855GllX
2

+ 0.22968 (212X? + 0.46262(222X2 + 0.12131 Q22&i

+ 0.03407<222£.2 + 0.05860Gi2kfi

q5 = 0.10579G12&& + 0.01995G22&& - 0.02812 <2i2&£i

- 0.01875G22fc?i - 0.00086GnfcXc + 0.04097Gi2fcXc

- 0.00969G22&Xc - 0.00099Gn£iXc - 0.03750Gi2?iXc

- 0.01875G22?iXc - 0.00096Q11&X, - 0.16229Gi2£vX.v

+ 0.00969G22^vX.v + 0.00258GnXcX.v - 0.03266Gi2XcXv

+ 0.06899fi22XcX, - 0.00099GnfcXi - 0.02976(2i2&:Xi

-0.35953622^X1 -0.001826nftxi -0.12131Gi2?iXi

-0.12131G22?iXi +0.00298GnX,Xi +0.05180Gi2X,Xi

+ 0.70032Q22X*Xi

q6 = -0.02359Gi2?2 - 0.01202G22?6
2 - 0.00776Gi2^2

- 0.03135Gi2?i2 + 0.06270G22?!2 - 0.00086Gn£vXc

- 0.08565Gi2?.vXc + 0.24524622&Xc + 1.69830GnX2

- 0.05025G12X
2 + 0.21839G22X2 - 0.000866nfcx.

+ 0.04303Gi2fcX.v ~ 0.00559622fcx, - 0.00099Gn?iX.

-0.03750Gi2?iX. -0.01875G22?iX. +0.00129GnX2

- 0.01735212Xj
2 + 0.03244222X.,2 - 0.00099Gn&Xi

+ 0.12335Gi2&Xi +0.25729G22&X1 - 3.34008GnXcXi

- 0.09896Gi2Xi2 + 0.18812G22X? + 0.01875 622^1

+ 1.699606iiX2 + 0.40755Gi2XcXi +0.53334G22XcXi

+ 0.07473 Q22^ + 0.02813 Gi2&f i
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